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Abstract 12 
This paper presents a methodology for the assessment of railway ballast using ground-penetrating radar (GPR 13 
– 2 GHz horn antenna). The primary approach in this endeavour was the finite-difference time-domain (FDTD) 14 
simulations of ballast (a multi-stage process in terms of ballast size). To this effect, a combination of random-15 
sequential adsorption (RSA) and FDTD algorithms were applied. The results of the numerical simulation then 16 
were used to compare with the experimental investigations results using a container (methacrylate material) of 17 
the 1.51.50.5m dimensions. Finally, the modelling of the frequency spectrum peak and the equivalent 18 
diameter of the ballast aggregates was developed. 19 
 20 
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 2 
1. Introduction  1 
Railways are major transportation assets in sustaining the economy and providing massive transport of public 2 
and freight. To tackle the challenge of i) sustaining a growing demand for freight and passengers timely and 3 
safely, and ii) competing with other modes of transportation, railway industries are seeking to lower 4 
construction and maintenance costs while maintaining high levels of serviceability. To this purpose, the 5 
effective management of funds allocation (proper maintenance of the railways) and the efficient inspection of 6 
rail networks are factors of paramount importance. 7 
Within the railway construction types, the ballasted rail tracks are the most widespread since they allow for 8 
the effective drainage of the track-bed and provide proper load-bearing capacity at relatively low costs. From 9 
a structural point of view, a track structure is composed of a superstructure (steel rails, fastening systems and 10 
concrete/timber sleepers) laying over a substructure (ballast, subballast and subgrade). The cyclic loading 11 
exerted by the moving trains affects the structural stability of these two components, although major 12 
deformations occur mostly in the ballast and subballast layers. Thereby, the proper selection and the effective 13 
monitoring of the ballast aggregates in the construction and maintenance stages are critical factors. This is due 14 
to the progressive deterioration and segregation of the aggregates under heavy cyclic loading [1]. 15 
The railway ballast layer usually consists of uniformly-graded coarse aggregates produced from crushed rocks 16 
such as granite, basalt, limestone or gravel. The major structural and functional tasks of the ballast aggregates 17 
are i) to resist to the vertical, lateral and longitudinal forces applied to the sleepers, ii) lowering the pressure 18 
from the sleeper-bearing area to minor stress levels for the underlying material and iii) providing effective 19 
water drainage [2]. Differential railway track settlements with implications on the operational safety of the 20 
infrastructure can be due to the combination of several critical factors, such as the number and the amplitude 21 
of the load cycles, the track confining stress, the aggregates grading, the angularity and the fracture strength 22 
of the grains. The track stability is also widely affected by the ballast fouling, which is broadly related to the 23 
breakdown of the ballast aggregates and the infiltration of external materials from the ballast surface or from 24 
the base of the ballast layer. Nevertheless, the most important source of fouling reported worldwide is related 25 
to the segregation of the ballast aggregates (i.e., the formation of smaller ballast aggregates) [2]. In view of 26 
this, the effective monitoring and detection of “critical” geometric features of the aggregates, such as the grain 27 
size characteristics, are necessary to ensure the optimum maintenance of the rail infrastructure. These actions 28 
 3 
contribute to preserving the structural stability of the rail track as well as to maintain proper operational safety 1 
conditions. 2 
Drilling and digging trenches at even intervals along the track are widespread methodologies to retrieve 3 
physical and geometric information on the railway ballast. Nevertheless, these techniques are intrusive, locally 4 
representative of the extensive rail infrastructures and require to constrain the operation of trains. Within this 5 
context, non-destructive testing (NDT) techniques are becoming popular in railway engineering. The 6 
applications of infrared imaging [3], electrical resistivity tomography [4], seismic surveys [5] and, 7 
mostly, ground-penetrating radar (GPR) [6] have increased over the last two decades. According to 8 
Roberts et al. [7], first GPR applications in railway engineering date back to the nineteen eighties [8].  9 
The GPR technique is based on the transmission/reception of electromagnetic (EM) waves into the ground in 10 
a given frequency band [9]. Inhomogeneities in the materials with different EM properties and interfaces 11 
between different structural layers cause changes in the position and the amplitude of the signal peaks. In view 12 
of this, information can be inferred about the layer thicknesses and the materials properties (Figure 1). Overall, 13 
GPR-based studies on railway ballast can be classified into i) research based on the analysis of the signal 14 
response in the time domain and ii) methods based on the analysis of the signal spectrum in the frequency 15 
domain.  16 
The earliest and the most tackled GPR investigations on railway ballast are broadly comprised in the first class 17 
of research. Within this context, comprehensive analyses of different types of ballast (i.e., mineralogy and 18 
grain size) can be found in [10-12]. Usually, the estimation of the permittivity of the substructure layers [13, 19 
14] and the analysis of the signal amplitude variability are performed [15, 16].  20 
On the other hand, the frequency-based analysis (i.e., spectral analysis) of the GPR data was started for railway 21 
applications since the second half of the noughties. The main benefit of this approach is that minimum or no 22 
destructive sampling is required for the calibration of the system. The time-variation of the frequency spectrum 23 
was investigated by Leng and Al-Qadi [17] using the short-time Fourier transform (STSF) approach. The 24 
authors demonstrated graphically the variation of the frequency energy with the ballast depth under different 25 
fouling conditions. Shao et al. [18] developed an algorithm to extract magnitude spectra at salient frequencies 26 
and to classify railway ballast conditions using support vector machines. Xiao and Liu [19] used the forward 27 
and the inverse S-transform to 100- and 400-MHz GPR data. The GPR spectra from both the frequencies were 28 
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fused together and new spectra with broader bandwidth were derived. In view of this, the authors obtained an 1 
effective trade-off between good resolution and deep penetration in ballast surveys. More recently, the finite-2 
difference time-domain (FDTD) simulation of the GPR signal has proved to be an effective technique for the 3 
interpretation of complex scenarios in rail substructures and the validation of the above approaches [20-22]. 4 
The above-mentioned methodologies demonstrated high reliability and good effectiveness in the ballast health 5 
monitoring and fouling detection. Nevertheless, to the best of our knowledge, no studies to date have focused 6 
on the assessment of the “critical” geometric features of the ballast aggregates with GPR-based methods 7 
implemented in the frequency (spectral) domain of the signal. Liu et al. [22] modelled experimentally and 8 
numerically the scattering loss from both rough-surface and subsurface dielectric scatterers. The authors 9 
compared the 900-MHz GPR signal amplitude and waveform reflected from the metal sheet at the bottom of 10 
a large container (filled with boulders) with the numerically-computed response from a discrete random 11 
medium (DRM) model. This model consisted of a collection of densely packed ellipsoids. The diameters of 12 
the ellipsoids were accurately measured using the laser scanner technique [23]. The authors analysed the 13 
scattering attenuation loss and the velocity dispersion in the time domain of the signal. Apart from this study 14 
(developed for rounded boulders in the GPR signal time domain), no research was specifically carried out in 15 
the spectral domain of the GPR signal to assess the geometric characteristics of coarse-grained sharp 16 
aggregates, such as the railway ballast aggregates.  17 
In view of the above, this study presents a methodology based on the spectral analysis of GPR data collected 18 
using a 2GHz horn antenna. A multi-stage process in terms of ballast grain size was developed. FDTD 19 
numerical simulations and real tests were both performed to analyse the spectral behaviour of the collected 20 
GPR signals. The data from these tests were used for modelling purpose. In this regard, information about 21 
relevant geometric features of the railway ballast aggregates was found with respect to the shifting of the 22 
frequency spectrum peak.  23 
It is important to emphasize that the methodology aims at providing information of paramount importance 24 
about the ballast grain size to the railway network operators. This information is crucial to reduce the railway 25 
track-bed maintenance costs and to maintain proper operational safety conditions. The methodology could 26 
found effective application in both quality control inspections of newly built infrastructures (i.e., to verify the 27 
consistency between the “design” and the “as-built” condition of the aggregates grain size in the ballast and 28 
 5 
the subballast layers) as well as in routine maintenance operations (e.g., the monitoring of the segregation 1 
processes of the ballast aggregates) in railway engineering. 2 
 3 
 4 
Figure 1. Typical ballasted rail track substructure and corresponding A-scan from a GPR measurement. 5 
 6 
2. Objectives and methodology 7 
This paper focuses on the assessment of “critical” geometric features of the ballast aggregates within a railway 8 
track-bed. To this purpose, spectral analyses of the 2GHz GPR data were performed in the frequency domain. 9 
A bottom-up approach that used simulated and real data collected from laboratory experiments was followed.  10 
FDTD simulations with the gprMax 2D numerical simulator [24] were firstly performed. In the first simulation 11 
tests, simplified models of mono-sized ballast particles were taken into account. The diameters of the above 12 
particles were progressively increased in the range of usage of the ballast aggregates for the construction of 13 
railway track-beds. Single- and multi-particle scenarios were simulated and the corresponding frequency 14 
spectra of the signals were analysed. Afterwards, the numerical model was rendered more complex by 15 
performing real-scale simulations of multi-sized ballast particles. The information on the grain size of these 16 
particles was retrieved by the grain size distribution of three typical grading curves used by railway network 17 
operators for the construction of ballasted track-beds. The reproduction of the above complex numerical model 18 
 6 
was obtained by the combination of the random-sequential adsorption (RSA) paradigm and the FDTD 1 
technique.  2 
Real tests were subsequently carried out in the laboratory environment where three different scenarios of the 3 
ballast aggregates arrangement were manufactured. Finally, the modelling of the frequency spectrum peak and 4 
the equivalent diameter of the ballast aggregates was developed. 5 
The remainder of this paper is organized as follows. In Section 3, the theoretical framework is introduced. In 6 
this regard, comparisons between the working principles of analogous electrical and mechanical systems and 7 
the “ballast-EM field” interaction (propagation and scattering phenomena of the EM waves within a railway 8 
ballast layer) was defined. The numerical simulations are discussed in Section 4, where the outcomes of a 9 
multi-stage scenario in terms of ballast size and particles interaction are shown. The laboratory set-up and the 10 
main results from the real tests in the laboratory are outlined in Section 5. The discussion of the results and the 11 
consistency with the theoretical assumptions are addressed in Section 6. The experimental-based modelling of 12 
the spectral behaviour (in both the simulation scenarios and the laboratory experiments) against the relevant 13 
geometric features of the ballast aggregates (i.e., the equivalent diameter of the ballast particles) is discussed 14 
in Section 7. Finally, conclusions and future perspectives are given in Section 8. 15 
 16 
3. Theoretical Framework 17 
In order to investigate the propagation and the scattering of an EM wave through a dielectric medium such as 18 
a ballast layer in a railway track-bed, a simplified “analogous” physical model, based on the circuit theory, 19 
was proposed to approximate the real system. 20 
It is known that the ballast particles hold an electrical conductivity  that is dependent on the mineralogy of 21 
the source rock. Consequently, an EM wave that propagates through these dielectrics is expected to undergo 22 
electrical losses and attenuation. To this effect, a second order model can be used to represent a simple system 23 
composed of one ballast grain to which an EM field is applied. This system was streamlined in the analogous 24 
electrical circuit showed in the diagram of Figure 2.  25 
 7 
 1 
Figure 2. Diagram of the analogous electrical circuit representing one ballast grain to which an EM field is 2 
applied. 3 
 4 
The system is composed of an electromotive force E(t) applied to a circuit with one resistor R, one inductor L, 5 
and one capacitor C, all of which are connected in series. According to the Kirchhoff’s voltage law, a second 6 
order differential equation, expressing the charge Q(t) that moves into the capacitor, can be derived as follows: 7 
𝐿
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𝜕𝑡2
+ 𝑅
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In case of negligible R, the natural pulsation of the system 𝜔𝑛 is given by:  9 
𝜔𝑛 = 1/√𝐿𝐶      (2) 10 
When the resistor in no more negligible, the pulsation of the charge in the capacitor and the current in the 11 
circuit become: 12 
𝜔 = 𝜔𝑛√1 − (
1
2𝐹
)
2
      (3) 13 
with F being the quality factor of the circuit that varies with the circuit physical characteristics. In this case, L 14 
and C are responsible for storing and freeing the electric and magnetic fields, respectively, whereas R 15 
represents the attenuation constant. In such a system, the energy continuously oscillates between the electric 16 
and magnetic fields (and vice versa), while getting attenuated by the resistance. In the above framework it is 17 
thereby clarified the likeness with the “railway ballast/EM waves propagation” system, where the electric and 18 
magnetic fields exchange energy rates each to one another and  represents the attenuation. 19 
The above system can be also explained using a similar approach based on the classic mechanics. To that 20 
effect, the case of the motion of a spring subject to a damping force was here taken into account, as represented 21 
in Figure 3. 22 
E
C
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L
 8 
 1 
Figure 3. The analogous mechanical system: the motion of an ideal spring subject to a damping force. 2 
 3 
In the above scheme, a mass m is fastened to a spring with an elastic constant k. The spring moves in a fluid 4 
that offers a resistive damping force. This is in turn defined by the damping constant c. The motion of the mass 5 
can be expressed by the following second order differential equation: 6 
𝑚
𝜕𝑧2
𝜕𝑡2
+ 𝑐
𝜕𝑧
𝜕𝑡
+ 𝑘𝑧 = 0     (4) 7 
The pulsation  of such a system can be defined as follows: 8 
𝜔 = 𝜔𝑛√1 − 𝜉2     (5) 9 
with 𝜔𝑛 = √𝑘/𝑚 being the natural pulsation of the system in stationary conditions, and 𝜉 = 𝑐/𝑐𝑐𝑟 being the 10 
damping factor. 𝑐𝑐𝑟 is the critical damping coefficient equal to 2√𝑘𝑚. The solutions to Eq. (4) depend on the 11 
relationship between c and ccr, and they highly influence the speed whereby the energy gets fully dissipated. 12 
In both the above-discussed analogous systems, resonant phenomena are triggered when 𝜔 = 𝜔𝑛. This 13 
occurrence causes a substantial increase of the pulsation amplitude. In the case of systems with low resistance 14 
values, this mechanism, although to a lesser extent, is still detectable. 15 
Let us now consider a single ballast aggregate particle subject to the influence of an EM field pulsed around a 16 
central frequency with a certain frequency bandwidth. According to the above simplification of the analogous 17 
electrical circuit, L and C depend on the geometric features of the single ballast particle, whereas R hinges on 18 
the inverse of the electrical conductivity 1/ of the medium. Hence, once the dimension of the particle is fixed 19 
and  is known, a particular frequency is expected to generate resonant effects. In the event that this particular 20 
m
c
k
z
 9 
frequency belongs to the bandwidth of the EM pulse, it is therefore expected to observe an amplification of 1 
the spectrum at that specific frequency. 2 
In view of the above, the numerical simulation was used to investigate thoroughly the role exerted by L, C and 3 
R in the generation of the resonant effects as well as to infer information about the dimension of the ballast 4 
aggregates. This allowed analysing the spectral behaviour of different sizes of rock grains that were illuminated 5 
by a known pulsed EM field. 6 
 7 
4. Numerical simulation 8 
4.1. Single-particle configuration 9 
To validate the theoretical framework of Section 3, a number of numerical simulations were developed. A bi-10 
dimensional scenario was built using the finite-difference time-domain (FDTD) technique implemented in the 11 
numerical simulator package gprMax 2D. The model did not include the physical structure of the antenna. A 12 
line of current suspended in the free space represented the source. To reproduce the real conditions, the distance 13 
between the emitter TX and the receiver RX was set at 0.30 m. Finally, a circle-shaped target with dielectric 14 
properties of a typical limestone material (i.e., 𝜀𝑟 = 7;  𝜎 = 0.001 𝑆𝑚
−1 ) was selected to represent the ballast 15 
particle, and it was placed 0.80 m below the source. The diameter D of the particle was varied between 0.04 16 
m and 0.12 m with incremental steps of 0.01 m. This allowed to include the whole set of particle dimensions 17 
that are likely to be found on the track-bed and detected by the resolution of the used GPR system. Finally, the 18 
ballast particle and the line source were immersed into perfectly matched layers (PML), to avoid potential edge 19 
effects (Figure 4). 20 
 21 
Figure 4. Simulation scenario for a single-particle configuration implemented in the gprMax 2D numerical 22 
simulator. 23 
TX RX
D
PML
 10 
 1 
For each of the above-set diameters, an EM pulse was emitted. The central frequency and the time window 2 
were set to be 2 GHz and 15 ns, respectively, in accordance with the manufacturer recommendation for this 3 
antenna frequency system. The back-received signals were transformed from the time domain to the frequency 4 
domain and the corresponding frequency spectra were analysed. 5 
Under ordinary conditions, it is likely to observe a frequency spectrum with an amplitude peak value at the 6 
nominal central frequency. Nevertheless, in case the size and the dielectric properties of the ballast aggregate 7 
particle define a resonance frequency that belongs to the working bandwidth of the system, it is likely to detect 8 
the amplitude peak in the neighbourhood of this frequency. With regard to the above-mentioned case of the 9 
analogous electrical circuit, it is expected to detect amplitude peaks at lower frequencies for larger particle 10 
diameters. This is related to the fact that the resonance frequency value depends on both L and C, hence, on 11 
the grain size of the particle.  12 
Figure 5(a) represents the frequency spectra of single-particle diameters that range between 0.04 m and 0.09 13 
m. For the sake of clarity with the interpretation of the graph, the spectrum amplitude was normalized to the 14 
maximum amplitude value of each trace. In accordance with the theory, it was observed that the amplitude 15 
peak progressively shifted towards lower values of the frequency as the size of the grain increased. Upper and 16 
lower frequency-peak bounds of ~ 2.60 GHz (D = 0.04 m) and ~ 1.10 GHz (D = 0.09 m) were found, 17 
respectively. 18 
In the case of particle diameters larger than 0.09 m, the frequency spectra showed peak values centered in the 19 
neighborhood of 2 GHz. This frequency value corresponded to the nominal central frequency of the used GPR 20 
system (Figure 5(b)). 21 
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  1 
 2 
Figure 5. Frequency spectra and corresponding frequency peaks obtained from the single-particle 3 
simulations with varying diameters, (a) diameters ranging from 0.04 m to 0.09 m, (b) diameters ranging from 4 
0.10 m to 0.12 m. 5 
 6 
4.2. Multi-particle mono-sized configuration 7 
A more complex numerical scenario with a multi-particle configuration of mono-sized ballast aggregates was 8 
reproduced and the EM simulation carried out. The main purpose of these simulations was to consider the 9 
 12 
actual contribution of the scattering effects and to model the particles arrangement and their interaction close 1 
to the real conditions,  2 
To this effect, sets of ten mono-sized round particles were illuminated by the synthetic EM field. The values 3 
of the geometric and the electric parameters remained the same as in the single-particle configuration. The 4 
relative position of the particles was set randomly to simulate the real-life condition of the ballast aggregates 5 
in a track-bed. The mono-sized diameter of each set of particles was increased progressively from 0.04 m up 6 
to 0.12 m. 7 
The results of the simulations are shown in Figure 6. As in the case of the single-particle simulations, it was 8 
observed a shift of the frequency spectrum peak as a function of the particle grain size. No resonance effects 9 
were observed for these particle diameters, in accordance with the theoretical expectations. This was probably 10 
due to the fact that nearly no energy was pulsed at lower frequencies than 1 GHz. 11 
 12 
  13 
 13 
 1 
Figure 6. Frequency spectra and corresponding frequency peaks obtained from the multi-particle mono-sized 2 
simulations with varying diameters, (a) diameters ranging from 0.04 m to 0.08 m, (b) diameters ranging from 3 
0.09 m to 0.12 m. 4 
 5 
4.3. Grading curve configuration 6 
Real-life scenarios of multi-sized grain distributions were subsequently modelled and simulated using 7 
reference ballast grading specifications given by the UK Network Rail [25]. In this regard, three grading curves 8 
were taken into account for simulation purposes (Figure 7). Curve 1 and Curve 3 represent the upper and lower 9 
bounds of the allowed grading, whereas Curve 2 is representative of the intermediate grain size conditions. 10 
 14 
 1 
Figure 7. Ballast grading curves [26] of the three real-life ballast scenarios simulated. 2 
 3 
A 1.50 m  0.50 m sized sample made of round-shaped multi-sized ballast particles formed the investigation 4 
domain of the ballast aggregates, as shown in Figure 8. For the sake of comparison, both the geometric 5 
parameters of the source and the electric properties of the ballast aggregates remained the same as the previous 6 
simulations. It is important to emphasize how the dimension of the simulation domain was set up to be 7 
representative of the typical thickness of a ballast layer in a rail track-bed [26]. In addition, the dimensions of 8 
the numerical domain were designed to comply with the boundary conditions of the experimental set-up built 9 
for the GPR investigations made on the real ballast samples in the laboratory environment [27]. With regard 10 
to the real sample, the domain was designed according to the beam of radiation of the used GPR system. This 11 
allowed avoiding any noise contribution by edge effects, as it will be described later. 12 
According to each of the above-set grain size curves, a number of multi-sized particles were generated by a 13 
random numerical process. The particles were placed inside the domain boundaries using the random-14 
sequential adsorption (RSA) paradigm [28, 29]. Once the particles filled the geometric domain, a compaction 15 
algorithm was applied to reach compaction conditions close to reality. In more detail, this algorithm was aimed 16 
at reproducing the gravitational compaction of the aggregates in a railway ballast layer. To this purpose, 17 
downward vertical shifts of the aggregates were considered. 18 
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 2 
Figure 8. Simulation domain for the multi-sized aggregates distribution as per the information retrieved by 3 
one (out of the three) ballast grading curve. 4 
 5 
As shown by the grading curves in Figure 7, more than the 80% of the ballast grain size ranges between 28 6 
and 63 mm. To this effect and according to the results of the simulations for the mono-sized multi-particle 7 
configurations (i.e., the closest to the multi-sized conditions reproduced by the grading curves here analysed), 8 
the above diameters should be related to frequency spectrum peaks comprised between 3.20 GHz and 1.80 9 
GHz, respectively (Figure 6).  10 
In Figure 9, the frequency spectra derived from the simulations with the above three grading curves are shown. 11 
In accordance with the spectra trends from the simulations of the single-particle and the mono-sized multi-12 
particle configurations, the results confirmed a shift of the central frequency of the emitted signal as a function 13 
of the particle size. In particular, the frequency peak turned out to decrease from 2.80 GHz to 2.53 GHz, as the 14 
average size of the grains increased.  15 
 16 
 1 
 Figure 9. Frequency spectra and corresponding frequency peaks obtained from the simulations with the three 2 
grading curves of Figure 7 (1.50 m  0.50 m sized sample filled with multi-sized round-shaped ballast 3 
particles). 4 
 5 
For the sake of comparison with the aggregate diameters Di of the single-particle and the mono-sized multi-6 
particle simulations, the average value ?̅? of the multi-sized particle diameters was identified for each of the 7 
above three curves as distinguishing geometric feature. The value of this parameter was equal to 0.026 m, 8 
0.028 m, and 0.034 m for Curve 1, Curve 2 and Curve 3, respectively.  9 
 10 
5. Experimental testing  11 
The real tests were carried out in the laboratory to underpin the theoretical assumptions discussed in Section 3 12 
and verified numerically in Section 4. 13 
In this regard, a square-based methacrylate container was filled with coarse-grained limestone material (Figure 14 
10), typically used for the construction of ballasted track-beds. The GPR data were collected using a 2GHz 15 
horn antenna, in accordance with the central frequency used for the simulations in Section 4. The antenna was 16 
suspended in the air at 0.40 m above the centroid of the container. The dimensions of the container were 1.50 17 
 17 
m length  1.50 m width  0.50 m height, according to the dimensions of the real-scale simulation domain 1 
shown in Figure 8. 2 
 3 
  4 
Figure 10. Side view of the methacrylate container filled with limestone railway ballast. 5 
 6 
The ballast aggregates used in the tests were composed of coarser grains with dimensions ranging between 7 
0.04 m and 0.09 m. To define an equivalent parameter D’ representative of the aggregates diameter, the actual 8 
ballast aggregates were assumed as ellipsoids. Thereby, the maximum and minimum dimensions of n = 200 9 
randomly sampled aggregates were measured in the laboratory with a caliper [30]. For each ith particle of the 10 
sampled population of ballast aggregates, the average diameter 𝐷𝑖
′ between these two reference dimensions 11 
was computed. Consequently, the equivalent value D’ was calculated as follows: 12 
𝐷′ =
∑ 𝐷𝑖
′𝑛=200
𝑖=1
𝑛
      (6) 13 
The above parameter, assumed for the whole grain size distribution, was equal to 0.07 m. 14 
To evaluate the influence on the signal frequency spectrum of the multi-sized particles arrangement in the 15 
container, three different scenarios of aggregates arrangement were manufactured in the laboratory by filling 16 
and emptying out the container three times. No compaction procedure was applied using external forces. A 17 
gravitational compaction was ensured by the own weight of the aggregates. For each of the above scenarios, 18 
the GPR data were collected using the 2GHz antenna system. The corresponding frequency spectra are shown 19 
in Figure 11.  20 
 18 
  1 
Figure 11. Frequency spectra and corresponding frequency peaks related to the real GPR data collected in 2 
the laboratory for the three scenarios of multi-sized ballast particles arrangement in the container. 3 
 4 
As it can be seen from the Figure 11, the values of the frequency peak ranged between 1.20 GHz and 1.33 5 
GHz. Thereby, it was proved that the peak shifted away from the 2GHz nominal frequency. Overall, the 6 
spectral behaviour showed a shift towards lower frequencies. This was consistent with the larger average 7 
dimension of the ballast aggregates. Moreover, the limited variation of the frequency peak value among the 8 
three investigated scenarios proved a minor influence of the spatial distribution of the particles on the value of 9 
the resonant frequency. This remark has validity when a multi-sized coarse-grained material (such as the 10 
railway ballast aggregates used in the above laboratory tests) is considered. 11 
 12 
6. Discussion 13 
In accordance with the theoretical assumptions of Section 3, the spectral analyses derived from both the 14 
simulation cases and the laboratory tests confirmed a shift of the frequency spectrum peak as a function of the 15 
dimension of the aggregate particles. As far as the single-particle and mono-sized multi-particle configurations 16 
are concerned, a decreasing trend of the peak of the frequency spectra for increasing values of the diameter 17 
was demonstrated (Figure 5 and Figure 6). The main differences between such two tested configurations were 18 
 19 
found in the shape of the spectra, which were more irregular in the multi-particle case due to the scattering and 1 
the surface effects. In addition, the range of applicability of the resonance method for the fixed bandwidth was 2 
slightly different. It has varied from the 0.04 m ÷ 0.09 m range for the single-particle configuration (Figure 3 
5(a)), to the 0.04 m ÷ 0.08 m range for the mono-sized multi-particle configuration (Figure 6(a)). Indeed, in 4 
the multi-particle case, the maximum peak was still detected in a neighbourhood of ~ 2 GHz, although for D 5 
= 0.09 m it was possible to notice a major amplitude peak at ~ 1.5 GHz.  6 
Finally, a number of more complex simulations (i.e., sets of multi-sized aggregates derived from three 7 
reference grading curves) and GPR laboratory tests (i.e., multi-sized real aggregates of ballast) were performed 8 
on comparable test domains. Apart from the simulated and the real figures of the above tests, the main 9 
difference was related to the size of the grains in the sample, which were smaller in the simulated case (Figure 10 
9) than in the laboratory tests (Figure 11). On the other hand, the common multi-sized particle distribution led 11 
to define in both cases a (similar) reference geometric parameter to relate with the frequency spectrum peak. 12 
Thereby, an average radius ?̅? (for the simulations) and an equivalent diameter 𝐷′ (for the real tests) were set. 13 
 14 
7. Experimental-based modelling 15 
The modelling of the grain size of the ballast particles and the frequency spectrum peak of the collected GPR 16 
signal was developed to provide a relationship between these two parameters within the allowed frequency 17 
bandwidth bounds. To that effect, Figure 12 shows the negative exponential relationship found using the data 18 
from the single-grain and the mono-sized multi-grain simulations: 19 
𝑓𝑝 = 𝛼𝑒
−𝛽𝐷∗      (7) 20 
where 𝑓𝑝 is the frequency of the spectrum peak, D* is the aggregate diameter, and [, ] are fitting parameters 21 
dependent on the specific configuration. The mean squares fitting curves were characterised by high 22 
correlation coefficients R2, as listed in Table 1. 23 
 24 
 20 
 1 
Figure 12. Exponential trend lines fitting the frequency peak against the grain size data collected for the 2 
single-particle (circular markers) and the mono-sized multi-particle (triangular markers) configurations. 3 
 4 
Table 1. Regression coefficients in Equation (7). 5 
Configuration (mono-
sized grading) 
  R2 
Single-particle 4.8  109 17.20 0.946 
Multi-particle 4.8  109 15.70 0.983 
Average regression 
values 
4.8  109 16.45 0.964 
 6 
To analyse the applicability of the above relationship over the multi-particle arrangement of ballast particles 7 
with multi-sized grading (i.e., the real-life like condition), let us now express Eq. (7) as a function of D*: 8 
𝐷∗ = − (ln
𝑓𝑝
𝛼
) ∙ 𝛽−1      (8) 9 
Working out i) the regression coefficients α and β found by the mono-sized multi-particle simulations (Table 10 
1) and ii) the frequency peak values computed for the three grain size distributions in Section 4.3 (Figure 8) 11 
into Eq. (8), it was possible to define a characteristic diameter D* for each multi-sized grain distribution, as 12 
reported in Table 2. 13 
 14 
 21 
Table 2. Frequency and geometric parameters of the three railway ballast grading curves (1.50 m  0.50 m 1 
sized sample filled with multi-sized round-shaped ballast particles). 2 
Grading curve fp [GHz] 𝑫∗[cm] ?̅?[cm] ζ [%] 
1 2.80 3.30 2.60 21.2 
2 2.53 3.90 3.40 12.8 
3 2.60 3.80 2.80 26.3 
 3 
The comparison between the characteristic diameter D* (calculated from the proposed numerical-based 4 
modelling) and the average diameter ?̅? (assessed from the diameters of the whole set of synthetic round-shaped 5 
ballast aggregates in the simulation domain), proved that an average geometric feature was not fully 6 
representative of the size distribution of the ballast matrix. Indeed, the percentage errors ζ to the values of D* 7 
between ?̅? and D* are greater than 25% (worst case). This might be due to the different shifting trend of the 8 
frequency spectrum peak observed in the multi-sized particle scenarios (Figure 9), compared to the case of 9 
mono-sized particle arrangements (Figure 6). More complex scenarios in terms of multi-sized grading 10 
provided a narrower range of variation for the frequency spectrum peak.  11 
Following the same approach with the real GPR data collected from the laboratory tests, it was possible to 12 
compare the characteristic diameter D*, computed by Eq. (8), with the value of the equivalent diameter D’, 13 
assessed by Eq. (6). The results are included in Table 3. In this case, it is worth noting that the value of the 14 
equivalent diameter D’ was a constant, since the same aggregates were used for manufacturing the three 15 
scenarios of ballast particles arrangement. 16 
 17 
Table 3. Frequency and geometric parameters of the three scenarios of multi-sized ballast particles 18 
arrangement in the container (model application to the real case). 19 
Scenario fp [GHz] 𝑫∗[cm] D’ [cm] ζ [%] 
1 1.20 8.70 7.00 19.5 
2 1.20 8.70 7.00 19.5 
3 1.33 8.00 7.00 12.5 
 20 
The elliptical approximation used for the assessment of D’ showed better performances, with percentage errors 21 
ζ lower than 20%. As in the multi-sized simulation case, it was noticed that the experimental model tended to 22 
underestimate the value of the equivalent diameter.  23 
 22 
 1 
8. Conclusion and future perspectives 2 
In this work, the spectral behaviour of 2GHz ground-penetrating radar (GPR) signals collected under a multi-3 
stage process in terms of ballast grain size was analysed. Furthermore, the modelling of “critical” geometric 4 
features of the ballast aggregates and the peak of the frequency spectrum was developed. The study reported 5 
on the possibility to retrieve relevant information about the grain size of the ballast aggregates in the rail 6 
subsurface layers and the possible segregation of the aggregates under heavy cyclic loading. To that effect, a 7 
bottom-up methodology for the assessment of railway ballast using ground-penetrating radar (GPR – 2 GHz 8 
horn antenna) was developed. The theoretical framework was underpinned by the case of “analogous” 9 
electrical and mechanical systems, which were representative of the “ballast aggregates condition” (i.e., the 10 
geometric features and the arrangement of the aggregates) against the EM field interaction. To validate the 11 
theoretical assumptions, a number of finite-difference time-domain (FDTD) simulations of the GPR signal and 12 
actual GPR tests in the laboratory were carried out. These tests allowed investigating thoroughly the 13 
propagation and the scattering of the EM waves in a ballast layer of a typical rail track-bed. The spectral 14 
response of the GPR data in the frequency domain was first analysed in the case of mono-sized single- and 15 
multi-particle configurations of round-shaped ballast aggregates with different diameters and electric 16 
properties consistent with literature references. Afterwards, the numerical scenario was rendered more 17 
complex by using multi-sized particles under compaction conditions close to reality. To that effect, reference 18 
ballast grading specifications given by a railway network operator were taken into account and the random-19 
sequential adsorption (RSA) paradigm was applied in combination with the FDTD technique. Overall, the 20 
spectral analyses from both the simulation cases and the laboratory tests confirmed a shift of the frequency 21 
spectrum peak as a function of the dimensions of the aggregate particles, as it was expected by the theoretical 22 
assumptions. In this regard, it was proved a decreasing trend of the peak of the frequency spectrum as the value 23 
of the diameter increased in the 0.04÷0.09 m range. The simulations from the simplified mono-sized multi-24 
particle scenarios turned out to provide more irregular shapes of the frequency spectra than the single-particle 25 
simulations. In addition, the range of applicability of the resonance method was proved to be slightly different 26 
among the single and the multi-particle simulations. This was likely due to the scattering and the surface effects 27 
that arose from the EM wave propagation in the multi-particle model. With regard to the real-scale simulations 28 
 23 
and the laboratory investigations, comprehensive geometric parameters (i.e., equivalent diameters of the 1 
aggregates) representative of the grain size distributions of the ballast were set using a circular and an elliptical 2 
approximation of the aggregates shape, respectively. Hence, experimental relationships between the aggregate 3 
diameter and the peak of the frequency spectrum were found from the results of the single- and multi-particle 4 
simulations. The modelling of the multi-particle simulation scenarios was used to underpin the proposed 5 
theoretical assumptions and to infer information about the grain size of the ballast aggregates from the real-6 
scale simulations and the laboratory (actual) GPR tests. Overall, the experimental model tended to 7 
underestimate the computed equivalent diameter. In addition, the elliptic approximation used for the shape of 8 
the ballast aggregates (i.e., the case of the laboratory GPR tests) performed better, with percentage errors lower 9 
than 20%.  10 
Further theoretical investigations might be aimed at increasing the reliability of the proposed frequency-based 11 
methodology by using stepped-frequency continuous-wave (SFCW) GPR systems. In addition, the 12 
effectiveness of the model could be tested against different conditions of fouling, e.g., in the presence of fine 13 
material that rises from the foundation level and fills the inter-particle voids. To that effect, dedicated 14 
simulations and real-life tests could be developed following the methodology discussed in this study. 15 
 16 
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